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A linearized analysis of the navigation acmracy f o r  the Primary 
Navigation and Guidance System (FGNCS) and Abort Gzidance System (AGS) 
fias been made for the W a r  Module (W) powered descent, aborts off the  
powered descent, and powered ascent. 
are  given fo r  (1) the estimated IM i n e r t i a l  s t a t e  vector, (2) the es t i -  
mated IM altituiie and al t i tude rate, and (3) the estimated Lunar Module- 
Command Service Module (IM-CSM) re lat ive range and range rate.  
lh t h i s  note, the uncertainties 
Unitized p a r t i a l  derivatives of the I24 s t a t e  vector errors  with 
respect t o  each error source are  presented for both systems at  the end 
of each trzjectory. These matrices can be used fo r  hand calculations 
of the s t a t e  vector errors caused by a paxticular error  source (e.g., 
a ~JCO drift). Also included are the error models of the systems and 
the derivation of the equations used t o  analyze the navigation accu- 
racy of a strapdown iner t ia lnavigat ion system. 
IWTRODUCTION 
The guidance and navigation flrnctions of the Dl axe perfmmed by 
two systems - the PGNCS and AGS. 
gation accuracies of these two systems i s  required t o  determine moni- 
toring procedures and t o  estimate system performance. 
of %is note t o  present the navtgation accuracy of both these systems 
in  determining the IM i n e r t i a l  s ta te ,  I24 al t i tude and al t i tude rate ,  
and M - B M  re lat ive range and range r a t e  information f o r  the following 
t ra jector ies  : 
An analysis of the guidance and navi- 
It is  the purpose 
a. IM powered descent (50,.000 ft. t o  2 , W  ft. al t i tude)  
b. LM aborts off the nominal descent 
(1) A t  25,000 fk. al t i tude 
(2) A t  10,OOO ft.  a l t i tude 
c. IM powered asceat (800 ft. t c  50,OOC ft. al t i tude)  
Time histories o f  alt i tude,  alkitude rate ,  re la t ive range, and 
range r a t e  for  these reference t ra jector ies  are given in  figures 1 
through 4. 
the error equatioas given i n  Appendix A. 
errors i s  available i n  reference 1. 
The analysis of the AGS errors required the development of 
The analysis of the PGNCS 
53st of the resul ts  of t h i s  study are presented i n  the form of time 
histories of the errors considered, and effor t  i s  made t o  explain the 
underlying trends of these quantities 
contributors. 
and t o  indicate the major error 
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DISCUSSION 
ANALYSIS TECHNIQUSS 
To perfom the linearized analysis of the two onboard navigation 
systems, it was necessary t o  use reference t ra jec tor ies  f o r  the lunar 
powered landings (nominal and two aborts), and the pok-ered ascent. 
The t ra jector ies  were generated in a point mass d ig i t a l  simulation 
using the guidance equations of the primmy system fo r  both descent 
and ascent (see reference 2). 
The a p r io r i  navigation uncertainties fo r  the LM and CSM a t  the 
s t a r $  of powered descent are taken t o  be those result ing frm an oc- 
board lunar orbi t  navigation (3 orbits,  2 landmarks, and 3 measure- 
ments) gi-ren i n  reference 3 .  This i n i t i a l  Covariance matrix 
included the errors caused by a 45 second Hohmann descent injectior, 
naneuver and i s  given in figure 5a. 
forme3 15 minutes pr ior  t o  the thrusting maneuvers. 
between the 161 and CSM errors was considered i n  determining the relat ive 
s ta te  errors. 
All IMU alignments were per- 
The correlation 
The LM i n i t i a l  covariance matrix fo r  the ascent phase i s  tha t  
result ing from the nominal powered descent fm  the PGNCS position 
errors and zero fo r  the velocity errors (see figure 5b). 
The specification values f o r  the PGNE hardware errors were 
obtained from reference 4; however, the accelerometer bias used in 
t h i s  analysis i s  one-fourth the specification value. 
specificatlon values used m e  given i n  Appendix A and reference 5. 
The AGS hardware 
A 161 instantaneous locally leve l  i n e r t i a l  coordinate system is 
defined a?, each point i n  the trajectory w i t h  z axis para l le l  t o  the 
radius vector, y para l le l  t o  the angular momentw vector, a d  x com- 
pleting the r ight  h a d  system (see figure 6). 
is  used t o  express the error data i n  figures 7a through lOc. 
"his coordinate system 
RESULTS 
For a l l  four reference t ra jector ies ,  the AGS out-of-plane velocity 
error i s  approximately twice tha t  of the PGNCS a t  thrust  termination.. 
!The same r z t i o  i s  t rue  at  termination f o r  the downrange velocity 
error (except for  the 25k abort) and fo r  the al t i tude velocity error 
(except for  both aborts). In these three excepted cases, the errors 
i n  the two systems are approximately equal. 
error sowce magnitudes used i n  t h i s  study, the i n i t i a l  misalignment 
and gyro d r i f t s  are the major contributors t o  the LM s t a t e  vector errors. 
For the error sources and 
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NJALYSIS OF T?ELOCI’I’S ERRORS 
The velocity errors increase l inear ly  (as expected) during LM 
powered ascent and descent figures (7. and loa). However, f o r  the 
abort t ra jector ies ,  the I24 y axd z velocity errors (figures 8a and 9a) 
increase and then start decreasingat the abort point. 
alignment of the sensors about the 7 and z axes are the dominat error 
source, a31 explanation of the velocity error cawed by misaligments 
i s  given. 
Because the m i s -  
Fcr both systems, the acceleration error result ing from the  nis- 
alignments i s  
where 
Ax, Ay, Az - are the accelerometer component errors 
- is  the magnitude of the thrust  acceleration IA I 
$ x, y, fl z - are the misalignments abort, x, y, z, respectively 
- is  the angle between the thrust vector and landing s i t e  
downrange axis 
8 
During the powered descent and abort maneuvers, the pitch angle, r , 
varies from an i n i t i a l  value of -193 degrees to  a f i n a l  value of + 10 
degrees. The thrust i s  essential3Jr along the x i n e r t i a l  axis ( ine r t i a l  
coordinate system i s  local ly  level  a t  the landing s i t e ) ,  and i s  apgroxi- 
mately - 180 or 0 degrees for  a large portion of the trajectory. There- 
fore, during the trajectory s i n  8% 0, cos &’ changes sign a t  the abort 
point, and 
Ax i s  small 
The l a s t  two expressions explain the negative slope of the y and z 
velocity error s tar t ing a t  the abort point. 
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ANALYSIS OF THE ALTITUDE RATE AND RANGE FtATE ERRORS (see figures 
7c, 8c,  gc, 1oc). 
The al t i tude r a t e  and range r a t e  errcr  equations are  derived i n  
The mean-squared error for  a l t i tude rate can be writter: Appendix B. 
Where vx/R i s  the =gular r a t e  ofchange of the uni t  radius vector 
(rad/sec) 
* - covariance matrix for down range 
position error and r ad ia l  
velocity error 
The range rate mean squared error i s  expressed similarly as 
Vx/p i s  the relat ive l i ne  of sight r a t e  
N i s  the t w 3  by two covariance matrix fo r  re la t ive  range error 
and velocity error along the in-plane normal t o  re la t ive range. 
* 
The al t i tude r a t e  error f o l l c i s  the general shape of the z velocity 
error, but i s  smaller i n  magnitude because the correlation terms 
reduce the t o t a l  error. 
PCIWEFED FLIGHT PARTIAL DERIVATIVES 
Figures 11 tkirmgh 14 (PGNCS) and figures 15 through 18 (AGS) show the 
matrices of pa r t i a l  derivatives of the LM s ta te  vector with respect t o  
each ine r t i a l  sensor error. Each matrix element rep-resents the contri- 
bution of a particular uni t  error source t o  the position and ;relocity 
error a t  thrust  termination. The effect  of changes in  sensor Fer- 
formance or specificatirm can be evaluated rapidly with these matrices. 
cI)vARIANm m 1 m s  
Figures 19a through 22b exhibit the I24 s ta te  covariance matrj.x a t  
thrust  termhation of each of the four reference trajectories.  
PGNCS covariance matrix i s  shown i n  par t  "a" of each figure, while the 
AGS covariance matrix i s  shoTn i n  par t  "b". These covariance matrices 
are in-clcded merely t o  serve as ini t ia l  conditions fo r  future analysis 
of the orb i ta l  phasing and rendezvous navigation problem. 
The 
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A linearized error analysis for  both an ine r t i a l  platform system and a 
strapdown i n e r t i a l  system has been performed. 
t ive accuracy of the PGNCS and AGS are provided, and show tha t  the 
standard deviation of the position and velocity errors of the two sys- 
tens propagate simiiarly. 
Plots comparing the rela- 
The misalignment of the ine r t i a l  sensors with respect t o  the desired 
orientation is the dominant error  source i n  %he two systems. 
drift is  also significant error  source because the p la t fom i s  aligned 
15 minutes prior t o  the s t a r t  of powered descent, 
Gyro 
APPENDIX A 
DERIVATION OF LM AGS NAVIGATION ERROR EQUATIONS 
The basic equations required are those describing a thrusting vehicle in 
an inverse square central  force f ie ld ,  and the matrix different ia l  
equation describing the instantaneous orientation of the vehicle with 
respect t o  some arb i t ra r ib-  chosen i n e r t i a l  coord!nate system. 
These equations are 
and 
= T W  
- R - Position vector of the vehicle i n  computation coordinates 
AJ- Thrust acceleration vector in  body coordinates 
T - Transformation matrix from body t o  computation coordinates 
w =  - vehicular angular ra tes  in  body coordinat% 
Equation (A2) i s  derived as follows: 
The transformation from computational t o  body coordinates i s  
where & are the unit  vectors forming the basis for the computational 
coordinate system. The derivative of g;can be expre,rsed as 
Since 3; i k  fixed w i t h  respect t o  the computational system, 
Therefore 
o r  
where w is a cross-product matrix. 
Substituting equation (A3)  and its derivative 
so that 
since T is orthogonal and W is skew symmetric. 
To derive the error equations, equations (Al) and (A2) are perturbed 
so that .. 
and 







- ( n x I, ) accelerometer error vector 
gyro error source +I - L -  
- (3 x n ) matrix of partials of acceleration with respect to 
accelerometer errors 
- (3 x 3) matrices of partials of angular rate with resptxt to 
the is gyro error. 
The transformation error 
time t is 
6T induced by angular rake errors at any 
m 3  1 2 M; e$;. irc A T  = 
where 
The homogeneous solution of equation (Al3) can be written 
where Q) is a skew symmetric matrix. 
This can be obtained by considering (7  + aT) to be an orthogonal 
trans f omat ion ; then 
(T  + & T I T ( T  +. A T )  = 'L 
where ( )' denotes transpose. 
Expanding 
X $. h T T f  + TATr + b T b T ' r  
This solution satisfies the differential equation ( A l O )  if = 0, i.e. 
4 i  
h i  
A i  
When T = 1 
S ince 
The product of a skew symmetric matrix and a vector can be written as 
a vector cross product: 
Hence 
where i s  the cross product matrix associated with 5 . 
Equation(A9)can now be written as 
To write equation (A25) i n  s ta te  vector form, l e t  
-. ["'I b!s 
A solution of equation (A29) is 
Let - 
where &is  th, a unit - 
vector i n  the direction of the thrust  acceleration. Ths r a t  e of 
chaxge of UAin the cmpJtation coordinate system i s  - 
Crossing Us into equation ( ~ 3 2 ) ~  
e 
The a g u l a r  r a t e  in compuational coordinates i s  
(A341 
Numerically, the angular ra tes  are computed by 
where &,,,, and &,, are the uni t  accelerations a t  times &:-, and 4; 
respectivew, and = t; - t i - ,  





( 3 )  
Accelerztion is essentially along the Se(roll) axis. 
The error coefficients are constant during a burn. 
The error coefficients w e  statistically independent. 
Accelerometer Error Model 
A f i ~  = I.<€!, - 
E r r o r  Definition 
d A,e Acceleration error vector in body coordinates 
o x  , BY 8 Q Accelerometer Bias .00222 ft/sec 
k Accelerometer Scale factor 87 PPM 
PQ w 
f t / s e c b  
bt. Accelerometer Scale factor nonlinearity 58 - 
CY%, Cor Accelerometer cross axis sensitivitkes a -  
5OC 
Note the omission of y axis and z axis scale factors and cross axis 
sensitivities. This is due to there being virtually no acceleration 
sensed along these ax&. 
Angular Rate Error  Model 





A d y ,  Angular rate error 
6% 
gyro constant drift 
gyro torquer scale factor error 
x gyro spin axis unbalance 
x gyro anisoelasticity 





As in the accelerometer model, the acceleration sensitive errors in the 
y and z gyros were dismissed as zero. 
APPENDIX B 
DERIVATION OF LM ALTITUDE AND 
ALTITUDE RATE ERRORS 
L e t  the i n e r t i a l  coordinate system origin be a t  the center of the moon 
such tha t  the al t i tude of the LM (including the mean lunar radius) i s  
given by 
7- 
h = & R _  
where 
R =  
glz = 
The different ia l  for h i s  given by 
h 
The mean squared error  i n  h i s  given by 
LM radius vector 




T *  g#? Cn ge 
where C i s  the covariance matrix for LM posiC,ion, R 
2 
A simplification can be made for  
defined in  an instantaneously loca l  leve l  system: 
i s  the LM position vector i s  
Thus 
Since al t i tude ra te  i s  the projection of LM velocity on the UI radius 
vector, it may be written as 
The first order different ia l  fo r  6 i s  given by 
and making the following substitutions, 
the f i n a l  relation i s  
5 
( B l l )  
Hence the mean squared error f o r  a l t i tude ra te  i s  
E [ .1;3 = 
cf . -   
3c 
where C R v  i s  the LM s t a t e  covariance. 
In the instantaneously local  level  system 
where % i s  horizontal velocity divided by radius magnitude. 
R 
s;" c c x i  
Thus (B19) 
LM-CSM RELATIVE RANGE - RELATIVE RANGE 
RATE ERRORS 
Since range and range r a t e  between the LM and CSM are defined in  an 
identical manner t o  IN al t i tude and a l t i h d e  rate,  respectively, the 
relat ive error equations are identical  t o  the al t i tude equations: 
' 
= mean-squared error in range 
= mean-squared error in range-rate 
= unit relative range vector 
= line-of-sight rate vector in the plane of motion 
= relative range covariance matrix 
= nelative state covariance matrix 
A simplification analogous to the altitude locally level transformation 
can be made if a "relative locally level system" is defined with z along 
the relative range vector and y is perpendicular to the relative velocity 
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FIGURE 12 PGtdCS POWERED FLIGHT PARTIALS (25 K ABORT) 
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F I GURE 14 PGNCS POWERED FL I GHT PART I ALS (NOMI NAL ASCENT) 
GYXO ZNtO:.'(S 
D X E T  
E = 1 meru 
-
X 
E = 1 m r u  
EZ = 1 meru 
Y 
CY30 s c m  F ' I r n X  
Tx = 100 PFX 
T = 100 PPX 
P = 100 PPI4 
MASS mm2<a 
x-spin = 1 meru/g 
Y 
0 3.26/1 0 0 1.951-1 0 
9.42 0 1.1412 1.171-1 0 4-731-1 
0 1.0412 0 0 3.961-1 0 
0 0 0 0 0 
1.01/1 0 4.4811 1.10/-1 0 




0 0 0 0 0 0 
2 x-hisoelasticity = 1 meru/g 
moss AXIS SENSI!rNITY 
x to  y = 1 arc sec 
x t o  z = 1 arc sec 
y to x = 1 arc sec 
y to z = 1 arc sec 
z to x = 1 arc sec 
z to y = 1 arc sec 
0 5.211-1 0 0 4.311-3 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
Q 0 0 0 0 0 
0 0 0 0 .o 0 
0 2.12 0 0 1.201-2. 0 
ACCELER0XZI;ER 3XRO3S 
x - Bias = g . -3 7912 0 2.2011 -3.40 
y - Bias = lom5., 0 3.9112 0 0 
z - Bias = lom5 g -2.1511 0 -4.0112 -3.651-1 
x - Scale Factor = 100 PPK -1.3912 0 8.93 -5.141-1 
x - gonlinearity = -5 * 15 0 3.791-1 -1.921-2 
x to y Cross Axis = 1 arc sec 0 6.95 0 0 
x to z Cross Axis = 1 arc scc -4.221-1 0 -7.15 -5 ,891-3 
FIGURE 15 AGS POWERED FLIGHT PARTIALS (NOMINAL 








, j jx  = 100 nrc scc 
fly = 100 arc sec 
gZ = 100 arc  sec 
GYRO ERRORS 
DRITT -
Ex = 1 meru 
E = 1 meru 
EZ = 1 meru 
GYRO SCALE FACTOR 
Tx = 100 PPN 
T = 100 PPM 
TZ = 100 PPM 
MASS UNBALAiiCE 
x-spin = 1 meru/g 
x-hisoelast ic i ty  5: 1 meru/g 
CROSS AXIS SJ3NSITMTY 
x t o  y = 1 arc sec 
x t o  z = 1 arc sec 
y t o  x = 1 arc sec 
y t o  z = 1 arc sec 
z to x = 1 arc  sec 





0 -9.521-1 0 0 -4.3q- 3 0 
2.26 0 5.30 5 251-3 0 2.491-3 
0 -5.04 . 0 0 1.01/-4 0 
0 3.71/1 0 
3.7411 0 7.3311 
0 7.1311 0 
0 0 0 
3.13/1 0 -9.1011 
’ 0  0 0 
0 9.111-2 0 
0 1.051-3 0 
0 4.67 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 2.19 0 
0 9 511-2 0 
0 -1.601-2 0 
7.801-2 0 -3.24/-2 
0 0 0 
-2.741-2 0 -9 69/-1 
0 0 r) 
0 3.421-2 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 4,181-3 0 
A C C E L E R O ~ T E R  ERRO;IS 
x - Bias = lo” g . -2.7212 0 1.1512 -1 631-2 0 2. L4/-1 
y - Bias = g 0 5.21/2 0 0 1.76 0 
z - Bias = g -1.2412 0 -3.08 -3.04/-1 0 -2.361-1 
x - Scale Factor = 100 PPM -9 6311 0 4.3611 2-371-2 0 8.77/-2 
x - Nonlinearity = lO-’/g -3.40 0 1.65 2,141-3 0 3.11/-3 
x to y C r o s s  Axis = 1 arc sec 0 9.32 0 0 3.30/-2 0 
x t o  z Cross Axis = l a r c  sec -2.26 0 -5 30 -5 251-3 0 -2.69/-3 
FIGURE 16 AGS POWERED FLIGHT PARTIALS (25 K ABORT? 
:Ix = 100 arc ccc 0 -2.27 0 0 -7,161-3 .G 
fly := 100 urc zcc 4.48 0 8.77 a. 951-3 0 4.711- 5 
$5z = 1G3 h+'C ccc 0 -7.95 0 0 1.431-3 0 
! 
i 
GYRO ERRORS I 
D R W I  -
Ex = 1 meru 0 7.46 0 0 1.61101 0 
EZ = 1 meru 0 1.1412 0 0 -4.191-2 0 
E = 1 meru ! 7.7311 0 1.22/2 1.391-1 0 -4 911-2 i 
Y 
I 
GYRO SCALE FACTOR 
Tx = 100 PPN 0 0 .  0 0 0 .  0 
TZ = 100 PPM 0 0 0 . o  0 0 
x-spin = 1 meru/g 0 2.141-1 0 0 8,881-4 0 
I f = 100 PPM 6,4611 0 -1.3412 -2.481-3 0 -1.25 
Y 
UNBALANE I 
x-hisoelasticity = 1 meru/g2: 0 0 0 0 0 0 
. I  
CROSS AXIS SENSITIVITY 
x to y = 1 arc sec 
x to  z = 1 arc sec 
y to x = 1 arc sec 
0 7.80 0 0 4.5 31-2 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
y to z = 1 arc sec 0 0 0 0 0 0 
z to x = 1 arc sec I 0 0 0 0 0 0 
z to  y = 1 arc sec 0 4,19 0 0 6.571-3' 0 
I 
- I  
ACCXELFROMETER ERRORS 
x - Bias = g . -4.07/2 0 2.15/2 5.311-2 0 3.851-1 
y - Bias = 10-5., 0 8.0712 0 0 2.14 0 
z - Bias = 10-5 g -2.3612 0 -1,9912 -4.99/*1 0 -3.90/-1 
x - Scale Factor = 100 PPM . -1.4812 0 8.5111 6.671-2 0 1.461-1 
x - Nonlinearity = -5.35 0 3.38 4 e 691-3 0 5.431-3 
x to y C r o s s  Axis = 1 arc sec' 0 1.49/1 0 0 4.211-2 0 
FIGURE 17 AGS POWERED FLIGHT PARTIALS (10 K ABORT) 
x t o  z Cross Axis = 1 arc SCC -4.48 0 -8.77 -8,951-3 0 -4 711-3 
GYRO ERRORS 
DRIFT -
Ex = 1 meru 0 -1.70/1 '0 0 -1.59/-1. 0 
E = 1 meru -2,6811 0 -7.kl/l -8,241-2 0 -4.56/-1 
EZ = 1 men 0 -7.50/1 0 0 -4,141-1 O 
Y 
GYRO SCALF: FACTOR ! 
Tx = 100 PPI4 0 0 .  0 0 0 0 
Ty = 100 PPM -4.95 0 -2.27 -1.26/-2 0 -2 16/-1 
0 0 0 0 0 0 ! TZ = 100 PFN 
MASS UNBALANCE 
x-spin = 1 meru/g 0 0 0 0 0 0 
x-Anisoelasticity = 1 meru/g 2j 0 0 0 0 0 
.. . .  -. 
! 
x t o  y = 1 arc  sec 1 i 0 -2.12171 0 0 -2.72/-3 . 0 '  
&OSS AXIS SENSITIVITY 
x t o  z = 1 arc sec 0 0 0 0 0 0 
y t o  x = 1 arc sec 0 0 0 0 0 0 
0 0 a 0 0 0 y t o  z = 1 arc sec 
0 0 0 0 0 0 
0 -1.10 0 0 -9,891-3' 0 
z t o  x = 1 arc sec 
:: t o  y = 1 arc sec 
I 
I 
. I  
I 
ACCXLEROMETER ERRORS 
x - Bias = g . -2.3412 0 1.0412 -1.19 0 3 63/-1 
y - Bias = 10-5.g 0 -2*57/2 0 0 -1.26 0 
z - Bias = g 9.8 11 0 2.4212 3 051-1 0 1.27 
x - Scale Factor = 100 PPM i * -9.4 11 0 3 9011 -5 321-1 0 1 361-1 
. x - Nonlinearity = 10'5/g -3.85 0 1.47 -2,44/-2 0 5 0031-3 
' x t o  y cross Axis = 1 arc sec i 0 -4.99 0 0 -2.721-2 0 . - . . 
0 4.71 5.5 1-3 0 2.721-2 x t o  z cross Axis = 1 arc sec , 1.79 
FIGURE 18 AGS POWERED -FLIGHT PART! --- ALS (NOMINAL ASCENT) 
6211394 23268 -2447789 -305 52 -6839 
2049248 - 35779 26 7321 - 30 
3430849 1568 - 32 ll.451 ' 
3 0 7 
29 0 
43 
( S r n T R I C )  
A. PGNCS 
7038398 228359 -2171995 3194 56 -6251 
6420632 - 35483 26 25726 - 29 
8157123 5892 - 32 32109 





FIGURE 19 LM FINAL COVARIANCE MATRICES 




















-2340524 127 58 -8679 
- 37437 2t3 3898 - 38 
5857795 3653 - 27 493 
4 0 1 
17 0 
13 
FIGURE 20 LM FINAL COVARIANCE MATRICES 
(25 K ABORT) 
7162318 52546 -3621703 U O  
4147226 - 51315 24 




8630827 49977 -2471448 504 



























F I GURE 21 Lhl F 5 NAL COVARIANCE MATRl CES 
(10 K ABORT) 
5600233 
(SYMMETRT?) 
6 6 8 8 5 17 
(SYMMMETRIC) 
0 -383365 -815 0 -3313 
3063747 0 C 4764 0 
6040307 -2416 0 8338 




0 -1281533 4682 0 -9505 
5621477 3 0 19249 0 
8204857 -5441 0 21781 
35 0 - 3  
114 0 
U 6  
B. AGS 
FIGURE 22 LM FINAL COYARIANCE MATRICES 
(NOMI NAI, ASCENT) 
